In this paper, we give the definition of weakly locally finite division rings and we show that the class of these rings strictly contains the class of locally finite division rings. Further, we study multiplicative subgroups in these rings. Some skew linear groups are also considered. Our new obtained results generalize previous results for centrally finite case.
Introduction
Let D be a division ring with center F . Recall that D is centrally finite if D is a finite dimensional vector space over F ; D is locally finite if for every finite subset S of D, the division subring F (S) of D generated by S ∪ F is a finite dimensional vector space over F . If a is an element from D, then we have the field extension F ⊆ F (a). Obviously, a is algebraic over F if and only if this extension is finite. We say that a non-empty subset S of D is algebraic over F if every element of S is algebraic over F . A division ring D is algebraic over center F (briefly, D is algebraic), if every element of D is algebraic over F . Clearly, a locally finite division ring is algebraic. It was conjectured that any algebraic division ring is locally finite (this is known as the Kurosch's Problem for division rings [5] ). However, this problem remains still open in general. There exist locally finite division rings which are not centrally finite. In this paper, we define a weakly locally finite division ring as a division ring in which for every finite subset S, the division subring generated by S is centrally finite. It can be shown that every locally finite division ring is weakly locally finite. The converse is not true. Moreover, in the text, we give one example of weakly locally finite division ring which is not even algebraic. Next, we study subgroups in weakly locally finite division rings. In particular, we give the affirmative answer to one of Herstein's conjectures [4] for these rings. Some linear groups are also investigated. Our new obtained results generalize previous results for centrally finite case. The symbols and notation we use in this paper are standard and they should be found in the literature on subgroups in division rings and on skew linear groups. In particular, for a division ring D we denote by D * and D ′ the multiplicative group and the derived group of D respectively.
Definitions and examples
Definition 2.1. We say that a division ring D is weakly locally finite if for every finite subset S of D, the division subring generated by S in D is centrally finite.
It can be shown that every division subring of a centrally finite division ring is itself centrally finite. Using this fact, it is easy to see that every locally finite division ring is weakly locally finite.
Our purpose in this section is to construct an example showing the difference between the class of locally finite division rings and the class of weakly locally finite division rings. In order to do so, following the general Mal'cev-Neumann construction of Laurent series rings, we construct a Laurent series ring with a base ring which is an extension of the field Q of rational numbers. The ring we construct in the following proposition is weakly locally finite but it is not even algebraic.
Proposition 2.2. There exists a weakly locally finite division ring which is not algebraic.
Z the direct sum of infinitely many copies of the additive group Z. For any positive integer i, denote by x i = (0, . . . , 0, 1, 0, . . .) the element of G with 1 in the i-th position and 0 elsewhere. Then G is a free abelian group generated by all x i and every element x ∈ G is written uniquely in the form
with n i ∈ Z and some finite set I. Now, we define an order in G as follows:
For elements x = (n 1 , n 2 , n 3 , . . .) and y = (m 1 , m 2 , m 3 , . . .) in G, define x < y if either n 1 < m 1 or there exists k ∈ N such that n 1 = m 1 , . . . , n k = m k and n k+1 < m k+1 . Clearly, with this order G is a totally ordered set.
Suppose that p 1 < p 2 < . . . < p n < . . . is a sequence of prime numbers and
is the subfield of the field R of real numbers generated by Q and
. ., where Q is the field of rational numbers. For any i ∈ N, suppose that
satisfying the following condition:
It is easy to verify that f i f j = f j f i for any i, j ∈ N.
• Step 1. Proving that, for x ∈ K, f i (x) = x for any i ∈ N if and only if x ∈ Q:
The converse is obvious. Now, suppose that x ∈ K such that f i (x) = x for any i ∈ N.
By setting K 0 = Q and K i = Q( √ p 1 , . . . , √ p i ) for i ≥ 1, we have the following ascending series:
• Step 2. Constructing a Laurent series ring:
For the convenience, from now on we write the operation in G multiplicatively. For G and K as above, consider formal sums of the form
For such an α, define the support of α by supp(α) = {x ∈ G : a x = 0}. Put
With operations defined as above, D = K((G, Φ)) is a division ring (we refer to [6, pp. 243-244] ). Moreover, the following conditions hold.
• Step 3. Finding the center of D:
It is easy to check that H is a subgroup of G and for every
Thus, αβ = βα for every β ∈ D, so α ∈ F .
Conversely, suppose that α = x∈G a x x ∈ F. Denote by S the set of all elements x appeared in the expression of α. Then, it suffices to prove that x ∈ H and a x ∈ Q for any x ∈ S. In fact, since α ∈ F , we have
. Therefore, by conditions mentioned in the beginning of Step 2, we have
From the first equality it follows that n i is even for any i ≥ 1. Therefore x ∈ H. From the second equality it follows that
Step 1, we have a x ∈ Q. Therefore α ∈ Q((H)). Thus, F = Q((H)).
• Step 4. Proving that D is not algebraic over F :
Consider the equality
Note that
n does not appear in the expressions of γ, γ 2 , . . . , γ n−1 and the coefficient of X in the expression of γ n is n!. Therefore, the coefficient of X in the expression on left side of the equality (2) is a n .n!. It follows that a n = 0. By induction, it is easy to see that a 0 = a 1 = . . . = a n = 0. Hence, for any n ∈ N, the set {1, γ, γ 2 , . . . , γ n } is independent over F . Consequently, γ is not algebraic over F .
• Step 5. Constructing a division subring of D which is a weakly locally finite:
Consider the element γ from Step 4. For any n ≥ 1, put
and
R n . First, we prove that R n is centrally finite for each positive integer n.
Consider the element
n ), we conclude that γ n ∈ R n and
Note that γ n commutes with all √ p i and all x i (for i = 1, 2, ..., n). Therefore
In combination with the equalities (
follows that every element β from R n can be written in the form
Hence R n is a vector space over F (γ n ) having the finite set B n which consists of the products
as a base. Thus, R n is a finite dimensional vector space over F (γ n ). Since γ n commutes with all √ p i and all
and consequently, R n is centrally finite.
For any finite subset S ⊆ R ∞ , there exists n such that S ⊆ R n . Therefore, the division subring of R ∞ , generated by S over F is contained in R n , which is centrally finite. Thus, R ∞ is weakly locally finite.
• Step 6. Finding the center of R ∞ :
Moreover, the set B n consists of products (
. Therefore, every element from F (S n ) can be expressed in the form (3).
In the first, we show that
be expressed in the following form:
Since α commutes with x 1 and √ p 1 , we have
From the first equality it follows that b = d = 0, while from the second equality we obtain c = 0. Hence, α = a ∈ F and consequently, Z(F (S 1 )) = F .
Suppose that n ≥ 1 and α ∈ Z(F (S n )). By (3), α can be expressed in the form
From the equality αx n = x n α, it follows that
Therefore, a 2 + a 4 x n = 0 and consequently we have a 2 = a 4 = 0. Now, from the equality α √ p n = √ p n α, we have a 1 √ p n − a 3 √ p n x n = a 1 √ p n + a 3 √ p n x n and it follows that a 3 = 0. Therefore, α = a 1 ∈ F (S n−1 ) and this means that α ∈ Z(F (S n−1 )). Thus, we have proved that Z(F (S n )) ⊆ Z(F (S n−1 )). By induction we can conclude that
it follows that Z(F (S n )) = F for any positive integer n. Now, suppose that α ∈ Z(R ∞ ). Then, there exists some n such that α ∈ R n and clearly α ∈ Z(F (S n )) = F . Hence
• Step 7. Proving that R ∞ is not algebraic over F :
It was shown in
Step 4 that γ ∈ R ∞ is not algebraic over F .
is radical over K if every element from S is radical over K. In 1978, I.N. Herstein (cf. [4] ) conjectured that given a subnormal subgroup N of D * , if N is radical over center
N is contained in F . Herstein, himself in the cited above paper proved this fact for the special case, when N is torsion group. However, the problem remains still open in general. In [3] , it was proved that this conjecture is true in the finite dimensional case. In this section, we shall prove that this conjecture is also true for weakly locally finite division rings. First, we note the following two lemmas we need for our further purpose. 
Since D is weakly locally finite, the division subring L of D generated by S is centrally finite. Put n = [L : Z(L)]. Since x ∈ F , x commutes with every element of S. Therefore, x commutes with every element of L, and consequently, x ∈ Z(L). So,
Thus, x is torsion. The following theorem gives the affirmative answer to Conjecture 3 in [4] for weakly locally finite division rings. Proof. Since N is subnormal in D * , there exists the following series of subgroups
Suppose that x, y ∈ N. Let K be the division subring of D generated by x and y. Then, K is centrally finite. By putting M i = K ∩ N i , ∀i ∈ {1, . . . , r} we obtain the following series of subgroups
For any a ∈ M 1 ≤ N 1 = N, suppose that n ax and n ay are positive integers such that a nax x = xa nax and a nay y = ya nay . Then, for n := n ax n ay we have a n = (a nax ) nay = (xa nax x −1 ) nay = xa naxnay x −1 = xa n x −1 , and a n = (a nay ) nax = (ya nay y −1 ) nax = ya naynay y −1 = ya n y −1 . Therefore a n ∈ Z(K). Hence M 1 is radical over Z(K). By Theorem 3.4, Proof. Suppose that N is not contained in the center
Hence N ⊆ F , that contradicts to the assertion. Thus, we have N \ K = ∅. Now, to complete the proof of our theorem we shall show that the elements of N satisfy the requirements of Lemma 3.5. Thus, suppose that a, b ∈ N. We examine the following cases:
We shall prove that there exists some positive integer n such that a n b = ba n . Thus, suppose that a n b = ba n for any positive integer n. Then, a + b = 0, a = ±1 and b = ±1.
So we have
Since N is radical over K, we can find some positive integers m x and m y such that
Putting m = m x m y , we have
Direct calculations give the equalities
from that we get the following equality Since N is radical over K, there exists some positive integer m such that a m ∈ K. By Case 1, there exists some positive integer n such that a mn b = ba mn .
Some skew linear groups
Let D be a division ring with center F . In the following we identify F * with F * I := {αI| α ∈ F * }, where I denotes the identity matrix in GL n (D).
In [7, Theorem 1] , it was proved that if D is centrally finite, then any finitely generated subnormal subgroup of D * is central. This result can be carried over for weakly locally finite division rings as the following. Proof. Since N is finitely generated and D is weakly locally finite, the division subring generated by N, namely L, is centrally finite. By [7, Theorem 1] , N ⊆ Z(L). Consequently, N is abelian. Now, by [9, 14.4.4, p. 440] , N ⊆ Z(D).
The following theorem is a generalization of Theorem 5 in [1] . 
and T is the set of all coefficients of all A j . Since D is weakly locally finite, the division subring L generated by T is centrally finite. It follows that N is a normal finitely generated subgroup of GL n (L). By [1, Theorem 5] , N ⊆ Z(GL n (L)). In particular, N is abelian and consequently, SL n (D) is abelian, a contradiction. Proof. The case n = 1 is clear. So, we can assume that n ≥ 2. Denote by F the center of
Therefore, A is torsion. Case 1: char(D) = 0. Then, F contains the field Q of rational numbers and it follows that
erated too, and consequently Q * I/(Q * I ∩ N ′ ) is finitely generated. Consider an arbitrary
is finitely generated, Q * I is finitely generated. Therefore Q * is finitely generated, that is impossible.
Denote by F p the prime subfield of F , we shall prove that F is algebraic over F p .
In fact, suppose that u ∈ F and u is transcendental over F p . Put K := F p (u), then the group K * I/(K * I ∩ N ′ ) considered as a subgroup of F * N ′ /N ′ is finitely generated.
Considering an arbitrary A ∈ K * I ∩N ′ , we have A = (f (u)/g(u))I for some f (X), g(X) ∈ F p [X], ((f (X), g(X)) = 1 and g(u) = 0. As mentioned above, we have f (u) s /g(u) s = 1 for some positive integer s. Since u is transcendental over F p , f (u)/g(u) ∈ F p . Therefore, K * I ∩N ′ is finite and consequently, K * I is finitely generated. It follows that K * is finitely generated, hence K is finite. Hence F is algebraic over F p and it follows that D is algebraic over F p . Now, in virtue of Jacobson's Theorem [6, (13 
